In this paper some coloring properties of graphs power have been presented. In this regard, the helical graphs have been introduced and it was shown that they are hom-universal with respect to high odd-girth graphs whose lth power is bounded with a Kneser graph. In the sequel, we have considered Pentagon's problem of Nešetřil which this problem is about the existence of high girth cubic graphs which are not homomorphic to the cycle of size five. Several problems which have close connection to Nešetřil's problem have been introduced and their relevance have been presented.
Introduction
Throughout thin note we only consider finite graphs. A homomorphism f : G −→ H from a graph G to a graph H is a map f : V (G) −→ V (H) such that uv ∈ E(G) implies f (u)f (v) ∈ E(H). The existence of a homomorphism we indicate by G −→ H and in the context of partially ordered sets this will be also denoted by G ≤ H. Moreover, Hom(G, H) denote the set of homomorphisms from G to H (for more on graphs homomorphisms see [1, 2, 8, 13] ). If n and d are positive integers with n ≥ 2d, then the circular complete graph K (n,d) is the graph with vertex set {v 0 , v 1 , · · · , v n−1 } in which v i is connected to v j if and only if d ≤ |i − j| ≤ n − d. A graph G is said to be (n, d)-colorable if G admits a homomorphism to K (n,d) . The circular chromatic number (also known as the star chromatic number [29] ) χ c (G) of a graph G is the minimum of those ratios n d for which gcd(n, d) = 1 and G admits a homomorphism to K (n,d) (it can be shown that one may only consider onto-vertex homomorphisms [31] ). We denote by [m] the set {1, 2, · · · , m}, and denote by [m] n the collection of all n-subsets of [m] . The Kneser graph KG(m, n) has vertex set [m] n , in which A is connected to B if and only if A ∩ B = ∅. It was conjectured by Kneser [15] in 1955 and proved by Lovász [19] in 1978 that χ(KG(m, n)) = m − 2n + 2. A subset S of [m] is called 2-stable if 2 ≤ |x − y| ≤ m − 2 for distinct elements x and y of S. The Schrijver graph SG(m, n) is the subgraph of KG(m, n) induced by all 2-stable n-subsets. It was proved by Schrijver [25] that χ(SG(m, n)) = χ(KG(m, n)) and every proper subgraph of SG(m, n) has a smaller chromatic number. The fractional chromatic number, χ f (G), of a graph G is defined as
For more about fractional coloring see [24] . The local chromatic number of a graph is defined in [5] as the minimum number of colors that must appear within distance 1 of a vertex. For the formal definition let N (v) = N G (v) denote the neighborhood of a vertex v in a graph G.
where the minimum is taken over all proper colorings c of G. ♠ It is easy to verify for any graph G, ψ(G) ≤ χ(G). Also, it was shown in [16] that χ f (G) ≤ ψ(G) holds for any graph G.
For any graph G, let G (l) be the lth power of G, that is obtained on the vertex set V (G), by connecting any two vertices u and v, if there exists a walk of length l between u and v in G. Note that lth power of a simple graph is not necessarily a simple graph itself (e.g. when l is an even integer then the lth power may have loops on its vertices). For a given graph G with odd(G) ≥ 7, the chromatic number of G (5) provides an upper bound for local chromatic number of G . In [26] , it was proved if χ(
The following simple and effective lemma has been proved and used independently in [4, 23, 28] .
Lemma A. For any two simple graphs G and H and any positive integer l,
It must be noted that the lemma A is trivially true when H (l) contains a loop (e.g. when l = 2). As immediate consequences of Lemma A we may refer to the equalities χ c (P ) = χ(P ) and Hom(C, C 7 ) = ∅ where P and C are the Petersen and the Coxeter graphs, respectively, see [4] . In this paper some coloring properties of graphs power have been presented. In this regard, the helical graphs have been introduced and it was shown that they are hom-universal with respect to high odd-girth graphs whose lth power is bounded with a Kneser graph. In the sequel, we have considered Pentagon's problem of Nešetřil which this problem is about the existence of high girth cubic graphs which are not homomorphic to the cycle of size five. Several problems which have close connection to Nešetřil's problem have been introduced and their relevance have been presented.
Helical Graphs
For a given class of graphs such as C, the graph U is called hom-universal with respect to C if for any G ∈ C, Hom(G, U ) = ∅. Also, we say that the class C is bounded by the graph U . Chromatic number of graphs power has been studied in several papers [4, 7, 28, 26] . Let C k denotes the family of graphs with odd girth at least 2k + 1. Gyárfás, Jensen, and Stiebitz [7] have proved the existence of hom-universal graphs with respect to C 2 . Later, Tardif [28] has found an interesting generalization and he has introduced new family of hom-universal graphs with respect to C 2 . Finally, Simonyi and Tardos [26] presented a somewhat different family of such hom-universal graphs with respect to C k .
In what follows, we will introduce the helical graphs H(m, n, k) which are a new family of hom-universal graphs.
Definition 2. Let m, n and k be positive integers where m ≥ n. Set H(m, n, k) to be the helical graph whose the vertex set is contained all of k tuples (
Note that H(m, 1, 1) is the complete graph K m and H(m, n, 1) is the Kneser graph KG(m, n). It is easy to verify that if m > 2n then the odd girth of H(m, n, k) is greater than or equal to 2k + 1.
For a given graph G and v ∈ V (G) set,
{u|there is a walk of length i joining u and v}.
Also, for a coloring c :
In what follows, we show that the existence of hom-universal graphs with respect to the family of high odd-girth graphs whose 2k−1th power is bounded with a Kneser graph. Proof. Assume c ∈ Hom(G (2k−1) , KG(m, n)). If v is an isolated vertex of G then consider an arbitrary vertex of H(m, n, k) as f (v). For any non-isolated vertex v ∈ V (G) define, , n, k) ). In addition, as long as u is adjacent to v, for any
Hence, f is a graph homomorphism from G to H(m, n, k).
On the other hand, let Hom(G, H(m, n, k)) = ∅ and f : G −→ H(m, n, k). (G (2k−1) ). Consider, adjacent vertices u ′ and v ′ that u ′ ∈ N t (u) and
Theorem 1 shows the following conjecture is true which was proved earlier by Tardif(personal communication, see [20] ).
Conjecture 1. [20]
If C is a class of graphs for which the graphs in C have odd girth at least 2k + 1 and {χ(G (2k−1) )|G ∈ C} is bounded, then C is bounded by a graph H whose odd girth is at least 2k + 1.
In [7] , it was proved χ(H(m, 1, 2)) = m. Next, it was shown χ(H(m, 1, k)) = m, see [26] . Simonyi and Tardos [26] 
It is easy to check that f is a graph homomorphism from H(m, n, k) to KG(m, n), consequently, The problem whether circular chromatic number and chromatic number of the Kneser graphs are equal has received attentions and has been been studied in several papers [3, 9, 14, 18, 21, 26] . Johnson, Holroyd, and Stahl [14] have proved that χ c (KG(m, n)) = χ(KG(m, n)) if m ≤ 2n + 2 or n = 2, and conjectured that equality holds for all Kneser graphs.
Conjecture 2. [14]
For all m ≥ 2n + 1, χ c (KG(m, n)) = χ(KG(m, n)).
It was shown in [9] that if m ≥ 2n 2 (n − 1), then the circular chromatic number of KG(m, n) is equal to its chromatic number. Next, it was proved independently in [21, 26] , when m is an even natural number, χ(KG(m, n)) = χ c (KG(m, n)) = m − 2n + 2. In [7] , it was proved χ(H(m, 1, 2)) = m. Later, it was shown χ(H(m, 1, k)) = m, see [26] . Simoniy and Tardos [26] have used the fact that Hom (SG(a, b) , H(m, 1, k)) = ∅ where a − 2b + 2 = m, consequently, m − 1 is a lower bound for co-index of box complex of H(m, 1, k). For definition of box complex and more about this concept refer to [26] .
It was shown in [26] that circular chromatic number and chromatic number of H(m, 1, k) are equal. (SG(a, b) (H(m, n, k) ). On the other hand, it is well-known coind(B o (SG(a, b) ) = a − 2b + 1. Hence, by Theorem A we have χ c (H(m, n, k)) = m − 2n + 2.
In fact, for an even natural number a the equality χ c ((SG(a, b) ) = χ( (SG(a, b) ) was shown in [21, 26] by Theorem A. By considering χ c ((SG(a, b)) = χ( (SG(a, b) ) when a is an even natural number, one can prove Theorem 3 without using Theorem A directly. But note that the equality coind(B o (H(m, n, k)) = m − 2n + 1 provides more information about colorings of the helical graph H(m, n, k), see [26, 27] . Also, H(3, 1, 2) is the nine cycle and χ c (H(3, 1, 2)) = 
Homomorphism to Odd Cycles
In what follows we are going to show that the problem of the existence of homomorphism from a given graph to an odd cycle is equivalent to a problem which is about chromatic number of graphs power.
A graph H is said to be a subdivision of a graph G if H is obtained from G by subdividing some of the edges. A graph S t (G) is the t-subdivision of a graph G, if S t (G) is obtained from G by replacing each edge by a path with exactly t inner vertices. Notice that, S 0 (G) is isomorphic to G. Proof. If there exists a homomorphism from G to C 2k+1 then clearly there is a homomorphism from S 2 (G) to C 6k+3 = H(3, 1, k + 1). By considering Theorem 1 we will have χ(S 2 (G) (2k+1) ) ≤ 3.
On the other hand, if χ(
6k+3 ) = ∅. Also, it is easy to verify that G is subgraph of S 2 (G) (3) and there is a homomorphism from C (3) 6k+3 to C 2k+1 . Hence, Hom(G, C 2k+1 ) = ∅.
In [22] , Nešetřil has posed the following interesting problem.
Problem 2. Nešetřil's Pentagon Problem [22] If G is a cubic graph of sufficiently large girth then Hom(G, C 5 ) = ∅.
It should be noted that the problem would be true as a consequence of Brook's theorem, if one would replace C 5 by C 3 . On the other hand, the problem is known to be false if one replaces C 5 by C 11 , C 9 or C 7 [10, 17, 30] .
By considering Theorem 4, it is easy to see that the following problem is equivalent to Nešetřil's Problem.
Problem 3. If G is a cubic graph of sufficiently large girth then
If the answer to Problem 2 is yes then by Lemma A one can verify that there exists a number g 0 such that the chromatic number of the third power of any cubic graph whose girth is larger than g 0 is less than six. The following problem has been introduced in [4] .
Problem 4. [4]
Is it true that for any natural number g 0 there exists a cubic graph G whose girth is larger than g 0 and χ(G (3) ) ≥ 6?
It is interesting to find max
) where maximum is taken over cubic graphs with girth at least g. It should be noted that by Brook's theorem this maximum is less than or equal to 16. By considering Theorem 1, the following problem is an equivalent version of Problem 4.
Problem 5. Is it true that for any natural number g 0 there exists a cubic graph G whose girth is larger than g 0 and Hom(G, H(5, 1, 2)) = ∅?
Note that H(3, 1, 2) is nine cycle and it was proved in [30] that the above problem is true when one replace H (5, 1, 2) by H(3, 1, 2) . Hence, the next candidate will be H (4, 1, 2) . Problem 6. Is it true that for any natural number g 0 there exists a cubic graph G whose girth is larger than g 0 and Hom(G, H(4, 1, 2)) = ∅?
Fractional chromatic number of graphs with odd girth greater than 3 has been studied in several papers [11, 12] . Heckman and Thomas [12] have posed the following conjecture.
Conjecture 3. [12]
Every triangle free graph with maximum degree at most 3 has fractional chromatic number at most 14 
.
The helical graphs are bound of high girth graphs hence it may be interesting to compute their fractional chromatic number and local chromatic number. Finally, Jaeger [6] has posed the following interesting conjecture.
Conjecture 4. Jaeger's Conjecture [6] Every planar graph with girth at least 4k has a homomorphism to C 2k+1 .
Again by considering Theorem 4, one may introduce an equivalent conjecture for Jaeger's conjecture as follows.
Conjecture 5. For every planar graph P with girth at least 4k, χ(S 2 (P ) (2k+1) ) ≤ 3.
